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Abstract: 
Plain and reinforced torispheres were manufactured and subjected to external pressure. Under single incremental pressure they were loaded up to buckling level. Experimental values of buckling pressure were compared with numerical predictions based on the FE analyses. Some domes were reinforced by stringers attached to external surface, and running along meridians. In each case they were evenly spread in hoop direction. For a ‘threshold-number’ of stringers buckling pressure was smaller than that for the case of plain (non-reinforced), torisphere. It only begun to increase once the number of stringers was larger than the ‘threshold value’. The intricate role of the number of stringers on bifurcation buckling is discussed. Performance of domes with smeared reinforcements is discussed together with stringers which do not cover the full length of meridians.
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1. Background
Doubly-curved axisymmetric thin shells are used in a range of industries, e.g., aeronautical, marine, chemical and petroleum. Some typical applications include torispherical end closures of pressure vessels, storage vessels for corrosive materials, the heads of rocket motors, or diving submersibles. When the operating load is external pressure or internal vacuum, the structure is prone to buckling. The buckling of a shell structure depends not only on how it is loaded, but its geometrical and material properties also play roles. Background to numerous research into buckling of pressurised domed vessel closures is available in, [1-3]. On the practical side, phenomenologically developed codes have been used for many years, e.g., [4, 5]. The concept of design by analysis has recently been pursued, and new recommendations are put forward, [6 – 8]. Some of shell structures are routinely reinforced by rings, stringers or combinations of both, and of a variety of cross-sections for the reinforcements. It appears that plates, cylindrical, and conical shells are the most explored as far as reinforcements are concerned. An overview for applications in marine and aerospace industries can be found in, [1, 9-11]. Domed ends can be reinforced by stringers alone, by rings alone and by combination of both. Examples of these include for example bulkheads of wide body airplanes, [12-13]. Hemispherical shell reinforced by a grid of rectangular reinforcement is discussed in [15]. Details about design issues (including geometrical imperfections), and related to buckling performance can be found in this reference.
The motivation for this work comes from practical issues related to large buoyancy units used in offshore activities. It has been anticipated that attachment of external stringers can increase the buckling load and/or mitigate the loss of buckling strength due to occurrence of shape deviations associated with manufacturing. The current study addresses the buckling strength when external stringers are attached to geometrically perfect torispheres, only. This is the experimental and numerical study. Two proprietary pieces of software are used to analyse experimental results, i.e., Abaqus, [16], and Bosor5, [17].


2. Illustration of buckling behaviour of torispherical end closures
Consider a torispherical end closure subjected to external pressure – as sketched in Fig. 1a. Let the radius of the spherical portion be, Rs, radius of the knuckle, r, diameter, D, and uniform wall thickness, t. Assume that there is no flange, and the dome is clamped at the equatorial plane. Let Young’s modulus, E, and Poisson’s ratio be: E = 2520 MPa, and ν = 0.30, respectively. Under uniform external pressure the dome will deform as shown in Fig. 1b, where it is seen that a large portion of the spherical portion is under the membrane state. Bending, on the other hand, occurs around the spherical cap/knuckle junction. Due to compressive stresses at the knuckle/spherical portion the dome can bifurcate into an asymmetric mode. The eigenshape at bifurcation buckling pressure, pbif, is illustrated in Fig. 1c. The geometry of this particular example is given by Rs/D = 1.0, Rs/t = 202, and r/D = 0.15. The number of hoop waves in this case is, n = 6. The magnitude of bifurcation pressure, pbif = 0.04885 MPa. Once the dome buckles through the asymmetric bifurcation mode there is no post-buckling strength, and for all practical purposes the head is destroyed, see for example, [18 - 20]. All of the results given in the manuscript are based on non-linear analyses. Pre-buckling (with non-linearities included) is carried out incrementally until stability determinant changes sign, then searches for the minimum eigenvalue take place. Theory and detailed implementation of this scheme is provided in manuals, [16, 17]. The above discussion is related to geometrically perfect shells. In practice this is rarely achieved. A wide body of research has been devoted to study geometrically imperfect shells and the influence of imperfections on the magnitude of buckling loads. Geometrically imperfect domes have, for example, been studied in [21-23]. 
Adding a single stringer, for example, causes perturbation in the otherwise membrane pre-buckling state within the spherical cap – as illustrated in Fig. 2a. This in turn affects both the magnitude of buckling load and the corresponding eigenmode. At buckling, the eigenmode of reinforced head changes the shape as illustrated in Fig. 2b. The magnitude of bifurcation in this case is, pbif = 0.04589 MPa, i.e., it is smaller than in for the case of not unreinforced dome, (pbif = 0.04885 MPa). One would expect that adding a reinforcement the buckling pressure ought to increase. The reasoning why this is not happening is given later. 








The following were the properties of UGIKRAL material for torispheres as provided by the supplier: E = 2500 MPa, yield strength σyp = 52.5 MPa, Poisson’s ratio υ = 0.3, and density ρ = 1050 kg/m3. 
But tests carried out on moulded flat coupons gave the following material properties: E = 2520 MPa, ν = 0.3, the yield point of material, σyp = 48 MPa (based 0.2 % proof stress), and the Ultimate Tensile Strength (UTS), strength 50.0 MPa – see [138] for further details. Material properties of coupons used for stringers were based on tests of flat coupons being moulded separately. They were tested using an Instron 4204 machine at a speed 0.01 mm/min. Table 1 summarises experimental results for ten samples designated as: A, B, …, J. The yield point of the material, σyp, was taken also as 0.2 % proof stress. The average values are listed in bottom line of Table 1, and they differ slightly from those obtained in [18]. As a result, data from [18] is used in the FE analyses of torispheres, and data from Table 1 is applied to stringers. 


3.2 Manufacture of test shell models
Torispherical shells were manufactured using the injection moulding technique. The STUBE SKM-76-110 type machine produced by DEMAG Plastics Processing Machinery Ltd was used. A material known as ABS-RA UGIKRAL, [24], in granular form, was used to manufacture torispherical domes. Granular plastic was fed into one end of a cylinder, heated and plasticized, forced out at the other end of the cylinder, through the nozzle, into a cooler mould which is clamped closed under pressure. Here, the melt cools and cures. The mould then opens and the mould is ejected. Figure 3a shows a sketch of male and female inserts, and Fig. 3b depicts moulded torisphere. Additional insight into the manufacturing process is provided in [18]. 
After initial assessment, thirteen shells were selected for experimentation. Nominal geometry of injection moulded torispheres was: Rs/D = 1.0, r/D = 0.15, Rs/t = 202, D/t = 202, with the diameter, D = 202.0 mm. As already mentioned, shells were designed to fail elastically under vacuum.
The radius of the spherical portion of the torisphere was measured using the chord gauge procedure. But the radius of the knuckle was not measured. Thickness measurements were taken along a uniform grid using a Mitatoyo electronic gauge with automatic retention of the minimum wall thickness between two balls. Measurements were taken along eight equispaced meridians at 10 mm spacing along each meridian. Average values of 90 measuring points are given in Table 2 for each dome. The overall standard deviation was 0.02 mm.


3.3 Mass of plain and reinforced shells
The efficiency of the reinforced torisphere against buckling is to be related to the mass of added stringers. Let calculate volume of a torisphere first. Assume that the volume is the shell’s surface multiplied by its wall thickness, t.




where α and θ are angles measured along meridian and in the hoop direction, respectively.
















4.2 Stringer reinforced domes
A set of stringers was attached to domes (in an increasing fashion), once all plain torispheres were tested for buckling with a previous layout of reinforcement. Fig. 6 depicts the increase of in mass for domes with attached stringers. Spatial distribution of stringers on the outer surface, is summarised in Table 3. Domes with freshly added stringers were fixed in the test rig and tested for buckling. Table 3 provides details on the number of stringers (evenly spaced in hoop direction), and associated magnitudes of experimental buckling pressure. The ratio of experimental  varies between 0.88 and 1.59. Plots of relative change of buckling pressure versus number of added stringers is shown in Fig. 7. It is seen that the number of stringers smaller than eight does not lead to the increase of buckling strength. The increase of buckling pressure to 60 % was recorded for sixteen, evenly spaced stringers. In all cases, stringers started from the apex and run along meridians up to the equatorial base – as illustrated at Fig. 3c.


5. Numerical results – comparison with experimental data
5.1 Axisymmetric analyses
Numerical predictions of bifurcation pressure were obtained using Bosor5 and Abaqus codes. Bosor5 was used for plain (non-reinforced), domes with uniform wall thickness, tavg. The material was modelled as elastic perfectly plastic with the yield value obtained experimentally as 0.2 % proof stress. Shells were clamped at the equatorial plane. Bosor5 predictions of buckling pressure for all plain (as moulded), domes are given in Table 2. For all cases the numerical eigenshape has, n = 6, hoop waves. The ratio of experimental to numerically predicted bifurcation pressure, , varies from 1.05 to 1.12.
It has been customary to substitute stringers by their equivalent smeared model. In this approach, instead of discreet reinforcement one can appropriately increase the wall thickness and assess the buckling strength of mass equivalent domes. New values of wall thicknesses, , were calculated once the mass of stringers was equally smeared over the surface of domes. The new values of the wall thickness are given in third column of Table 4. Bosor 5 was then used to compute buckling strength of these mass equivalent heads of constant wall thicknesses, . The values of buckling pressures are given in Table 4. The ration of  varies between 1.07 and 1.70. The same ratio for experimental results of stringer reinforced domes  varies between 0.88 and 1.59 (column no. 7, Table 3).
Fig. 8 shows plots of experimental buckling pressures versus the number of stringers and Bosor5 predictions of buckling for shells with smeared stringers. It is seen here that there is a significant difference between numerical predictions based on, , and magnitudes of experimental buckling based on discreet reinforcement – see Fig. 8. For less than eight stringers (of their for both geometries), the smeared model gives much higher values of buckling pressure than discreetly reinforced models. This clearly demonstrates the unsafe approach.
Plots of buckling pressure (as obtained from numerical analyses and based on constant, smeared wall thickness), versus number of stringers are nearly linear. At the same time, plots of experimental data show highly non-linear behaviour.


5.2 Stringer reinforced dome - non-axisymmetric analyses 
At In the next stage of numerical analyses, the FE code Abaqus was employed. Stringers were modelled as beam elements of rectangular cross-section. They were attached to the external surface of the shell. The wall thickness was assumed to be constant, tavg, and taken from Table 2, column 2. Stringer reinforced domes failed, in all cases, through bifurcation buckling. Magnitudes of failure pressure are given in Table 4. Computed values agree, in general very well, with experimentally obtained values. The ratio of  varies between 0.88 and 1.11. A typical view of the shell’s deformation at bifurcation is shown in Fig. 9. The view from top is given in Fig. 9a, and an isometric one is depicted in Fig. 9b. The skin between stringers deforms into inward dimples. Comparison of experimental buckling pressures with the FE predicted values is plotted in Fig. 10. Results are shown for domes reinforced with two different sizes of stringers. Once the number of stringers is larger than eight, the buckling loads increase nearly linear. The FE estimates of buckling pressure follow the experimental curves fairly close (see Table 4 for exact values).


6. Further FE calculations
So far stringers were spanning the full length of the meridians. The effect of having shorter stringers on the buckling strength is assessed in this section. The length of shorter stringers is measured in relation to their full length, stot (see Fig. 1). The values of s/stot are given in Table 5. The case considered here is dome 20 with 10 evenly spaced stringers (s/stot = 1.0). All subsequent stringers are shorter (trimmed), at the apex side. They then extend for up to the equatorial base. A sample of results for several values of the (s/stot)-ratio are given in Table 5. Results over the whole range  0 ≤ s/stot ≤ 1.0 are plotted in Fig. 11. Three cases are considered here, i.e. domes with 10, 8, and 5 stringers. It is seen here that the length of stringers in the configuration ‘eight reinforcements’, has no effects on the magnitude of buckling, at all. At the same time shortening reinforcements for 5-stringer-configuration makes the head weaker. The case of 10-stringers gives the increase of buckling pressure:  for the full length of reinforcing stringers. This magnitude drops to:  when the length of reinforcements is s/stot = 0.5.




It has been shown that adding a small number of stringers did not increase the magnitude of buckling pressure. On the contrary, the eigenmodes with a smaller number of hoop waves were triggered and the corresponding values of buckling pressure were smaller than values associated with the plain (non-reinforced), head. Only when the number of stringers was larger than a threshold value, the magnitude of buckling pressure beguan to increase. Irrespective of the number of stringers the buckling modes were always associated with lobar denting of the skin. Once buckling took place the domes were not able to support the external pressure, and they were shuttered (destroyed).
The reasoning for the behaviour as above is as follows:
The magnitude of buckling pressure can be increased only when sufficiently large number of stringers are attached. As a guidance one has to look into the number of hoop waves in eigenmode of plain dome. In the case analysed here, the plain dome bifurcates winth n = 4 hoop waves. This gives N n = 8 of zero-deflection points (between ‘in’ and ‘out’ lobes). When stringers are passing through these ‘nodal-points’ they do not prohibit bifurcation, i.e., lobbing in and out. Equally, the magnitude of pressure remains the same as that of plain dome (see Fig. 11). It is only once we pass the number ‘eight’ we see the need for the pressure to increase in order to generate lobes of more confined size of the skin.
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Fig. 2 Shape just prior to buckling (Fig. 2a), and buckling mode (Fig. 2b) of dome reinforced by a single external stringer.










Fig. 5 Test rig used to test plain and externally reinforced torispheres subjected to vacuum.






Fig. 7 Experimental buckling pressure versus number of attached stringers. Note: circles give number of dome.


















Fig. 11 Influence of shorter stringers on the magnitude of buckling pressure.
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